I. INTRODUCTION: EBIST AND THEIR EJECTED ION PULSES
Electron beam ion sources and traps (EBIST) produce and confine highly charged atomic ions with the use of an electron beam of high current density [1] [2] [3] . In these devices, as depicted in Fig. 1 , a high-current electron beam is first generated by an electron gun. The electron beam is then compressed to high density as it is injected into a strong magnetic field provided by a solenoid or Helmholtz coils (usually) and enters a series of coaxial cylindrical electrodes located in the magnet bore. There, the highly charged ions are produced by the electron beam, which ionizes injected atomic gas or ions by successive electron-ion collisions.
The highly charged ions are confined by the negative space-charge potential of the electron beam in the radial direction and two positive electrostatic potential barriers forming an approximate square-shaped potential well in the axial direction. After passing through the trap's center, the electron beam is stopped in the electron collector.
EBIST can provide beams of highly charged ions with unique properties (e.g., small energy spread and transverse emittance, and with few contaminants). As a consequence, one important application, which has grown over the last decade, is as charge breeder of rare isotopes at radioactive ion beam facilities 4-9 . At such facilities, EBIST are utilized to convert singly charged radioactive ions into highly charged ions for subsequent acceleration by a particle accelerator. The ions are injected and ejected as beams by passing through the collector. As shown in Fig. 2 , singly charged ions are first typically injected as ion pulses, charge bred to a desired charge state, and then extracted. After acceleration by the accelerator to high beam energies, which can only be reached with the aid of high charge states, the radioactive isotopes are transported to experimental stations for experiments in nuclear physics. Stable isotopes are normally abundant and can, thus, be ejected out of EBIST as continuous beams with affordable losses in breeding efficiency inherent to this ejection method. However, rare isotopes are only produced in minute quantities and, in addition, can have very short half-lives. The most efficient charge breeding method is then to periodically inject and extract pulsed beams where a single highly charged ion pulse is ejected after each charge breeding time period. A simple scheme to eject ion pulses from EBIST, and fully empty the content of the trap, consists of opening it by lowering the voltage applied to the trap's potential barrier located on the collector side (named here the extraction potential barrier) with a step function in time. The width of the time distribution of the ions ejected using this scheme and reaching a particle detector is typically in the range of tens of microsecond (µs). In several cases, however, the number of ions within the width of these pulses (i.e., the instantaneous rate) can overcome the detection system being used and prevent efficient detection of all single radioactive ions or related events within each pulse. To go around this limitation, the time distribution of the ejected ions has to be adequately spread in time to control their arrival time to the detector. This is to ensure that each ion does not hit the detector within a 'dead' time, during which the detection system is busy processing previously detected ions and, hence, not able to record another event. The release of ions can be distributed over an extended time period by opening the ion trap over tens of millisecond (ms) with a continuous function resembling a ramp. In an ideal time distribution, the ejected ions have to be dispersed as evenly as possible in time. One can ask: how should the extraction barrier potential of a long square-shaped electrostatic potential well be lowered as a function of time for releasing ions at a constant rate over an extended extraction period and generating a flat-top (square) ion distribution?
And what are the time-dependent functions to do so for different initial thermal energy (probability density) distributions of the trapped highly charged ions? This publication attempts to answer these questions by neglecting the effect of ion-ion collisions on the rate of ion extraction. Neglecting ion-ion collisions in the ejection rate implies that this rate depends only on the opening rate of the trap, which is a valid assumption as long as the extraction time is significantly shorter than the collision time as for low ion densities. of ion-ion collisions, when the extraction barrier potential is lowered below their kinetic energies in the trap, appear to have not been taken into account. As the trap is dynamically opened, this collision-free process dominates for low trapped ion densities.
II. TIME DISTRIBUTIONS OF IONS EJECTED WITH A STEP FUNCTION
Ions confined in the vicinity of two adjacent electrodes biased at different voltages are subject in the longitudinal (z) direction to a quadratic potential 15 . However, ions trapped in a long square-shaped electrostatic potential well, as illustrated in axis of ion ejection z, which is along the magnetic field axis; their speed distribution; and the length of the trapping potential. Upon opening the trap, the number of ejected ions,
, of a given ion species i can be expressed as
where
is the total number of ions and f (v i ) is their speed distribution normalized to 1. In practice, however, the ejected ions having initial thermal energy stored in their radial motion have the radial energy converted into axial energy in experiencing the magnetic field gradient when extracted toward a detector in a low-field region 16 . The acceleration energy of EBIST beams is normally greater than tens of keV. The addition of the thermal energy of the ions being ejected to the acceleration energy slightly reduces the ions' flight times to the detector. Nevertheless, this has a negligible effect on their time distribution on the ms time scale. Therefore, replacing dv iz with −l/t 2 dt for a fixed ion position l, dϕ can be expressed as
The 
The time distribution of the ejected ions after the opening of the trap can be obtained by a differentiation of Eqs (3) and (4) with respect to time. Summing these two equations and 
The distribution in speed of the trapped ions can be a rather complicated function (e.g.,
Maxwell-Boltzmann distribution), and it is normally more convenient to solve Eq. (5) numerically or through the use of charged-particle trajectory simulations. However, to illustrate how the width of the time distribution of ejected ion pulses depends on the ion velocity and trap length, Eq. (5) can be simplified assuming that f (v i ) is a δ function.
Re-writing Eq. (5) making this assumption, one obtains: • i is the initial ion temperature). A charge of q i = 1 was used to simplify and accelerate the simulation, since less computing power is necessary to calculate the trajectories of the ions in the magnetic field. Note that the simulation was performed for ϕ max < 85
• to prevent ions from being confined in the trap for infinitely long times (e.g., for ϕ max = 90 • ). The primary conclusion to draw from these plots is for trapping regions of the order of a meter or more in length and ion kinetic energies of tens of eV, the trap length only affects the width in time of the ejected ion pulses by less than a ms. This indicates that for stretching the width of ion pulses ejected from a long trapping potential beyond a time range of a ms, the influence of the length of the ion trap on the time distribution of the ejected ions is negligible.
III. TIME-DEPENDENT FUNCTIONS TO STRETCH THE TIME DISTRIBU-TIONS OF EJECTED IONS
A simple extraction method for releasing ions consists of opening the trap by lowering the extraction barrier potential with a discontinuous time function (step function). However, if the detection system the ions are accelerated to can only detect one particle every 50 µs, for instance, while extraction with a step function releases thousands of ions within a 10-µs long pulse, the width of the ejected ion pulses must be spread in time to reduce the instantaneous rate. Here, the instantaneous rate is defined as the ratio of the number of extracted ions to the pulse width. This can be accomplished by lowering the extraction barrier potential with a continuous function over a long period of time. As seen in the previous section, for a pulse width being stretched by more than a ms, the length of the trapping region has a 
The (instantaneous) variation in time of the number of ejected ions (i.e., the ion extraction rate) is obtained by differentiation of Eq. (7) 
For an initial ion energy distribution F (E i ), the number of trapped ions of energy E i within an infinitesimal energy interval dE i can be expressed as
Note that, unlike in Section II in which f (v i ) is normalized to 1, F (E i ) is normalized to the total number of ions (N tot i ) to simplify the notation in the following equations. From this expression, the number of trapped ions can be obtained by integrating the energy distribution over E i : 
Combining Eqs (8) and (11), and replacing dN ej i /dt with R i (t), one can obtain a general expression describing the extraction rate as a function of the energy distribution of the trapped ions: (12), one can obtain the ion extraction rate as a function of V T (t):
Equation ( In an ideal case, the release of ions can be uniformly distributed in time to extract a constant rate, R i , over the entire extraction period to produce a square-like (or flat-top) ion distribution (as shown in Fig. 2 ). Hence, replacing R i (t) with R i in Eq. (12), and integrating, one obtains:
where C • is a constant that can be obtained from the initial condition at t = 0. R i is function of the lowering rate of the extraction barrier potential, which, to keep the ion extraction rate constant, has to vary with time to match the energy distribution of the trapped ions. In other words, for each time interval dt the barrier potential is lowered, the energy distribution is truncated by an energy interval dE i , releasing all ions within this energy range. The lowering rate must vary with time to modify the energy interval in order to keep the ejected number of ions constant. R i is the constant rate of ions transported to a detection system. It is an adjustable parameter, adjusted to keep the instantaneous rate lower than the maximum rate the detection system can handle by choosing an extraction period for a given total number of ions ejected per pulse. In the next sections, the optimum or ideal time-dependent functions for lowering the extraction barrier potential to provide a constant extraction rate are derived for four different assumed ion energy distributions.
A. Boltzmann distribution
For simplicity, one may assume that the energy distribution of the ions in the trap is well represented by a Boltzmann distribution normalized to the total number of trapped ions such as
where, as already mentioned above, k B is the Boltzmann constant and T 14), which can be re-written as
The maximum energy of the ions confined within the trapping potential is defined as This has an important influence on the extraction of ions of different charge states. As an example, assuming two ion species having the same initial ion temperature, the barrier potential for ejection of a charge of q i = 18 (e.g., Ar 18+ ) has to be reduced to a lower value than that of a charge of q i = 6 (e.g., C 6+ ). This is directly related to the fact that ions of higher charge states experience a deeper trapping potential well. As an additional example, note that in Fig. 5 , the optimum function used to release q i = 6 of a temperature of 50 eV is identical to that of q i = 18 of 150 eV, because they both have the same
B. Maxwell-Boltzmann distributions
According to the equipartition theorem, and for high ion temperature 1 , the kinetic energy of the trapped ions is evenly distributed among all three degrees of freedom. for one degree of freedom (1-DoF): 
where erf is the error function.
A 1-DoF Maxwell-Boltzmann distribution is a more realistic distribution when ion-ion collisions are neglected. For a long extraction period in comparison with the ion-ion collision time, the trapped ions may have time during ejection to distribute their energies among all available degrees of freedom. Still neglecting the influence of ion-ion collisions on the ejection rate, let us assume, as an academic exercise that may be less realistic, that the energy distribution of the trapped ions follows a normalized Maxwell-Boltzmann distribution for three degrees of freedom (3-DoF) as
Combining Eqs (20) and (14), integrating, and replacing E max i (t) with q i V T (t), the optimum ejection function for this distribution is: , and, as a good approximation, either ones could be used for practical purposes and simplicity to extract ions.
C. Gaussian distribution
The spread in energy of singly charged ion beams injected into EBIST is normally small in comparison with the temperature of highly charged ions that have been confined in the trap for long breeding times. However, in very special cases, for very short interaction times of the injected ions with the electron beam (e.g., short breeding times), the energy distribution of the trapped ions may be more adequately represented by a normalized Gaussian distribution such as
where σ i and E av are the energy spread and average energy of the distribution, respectively.
For a Gaussian distribution, the ideal ejection function can be obtained by substituting Eq.
(22) into Eq. (14): gives rise to gentler slopes for the extraction barrier to be lowered at a reduced rate in order to keep the extraction rate constant.
D. Experimental distribution
For any given arbitrary initial energy distribution of the trapped ions, the optimum or ideal function to lower the extraction barrier potential for the release of ions at a constant rate over the extraction period can be deduced using Eq. (14) . In the previous sections, the distributions were assumed to be Boltzmann, Maxwell-Boltzmann, and Gaussian distributions. However, the initial ion energy distribution may be unknown. An approach, which may be considered pragmatic, is to decrease this potential with a series of incremental step functions, fine-tuned to generate a square ion time distribution 19 . Another pragmatic ap- 
IV. CONCLUSION
The highly charged ion pulses ejected from EBIST charge breeders at radioactive ion beam facilities can often be too densely distributed for many nuclear-physics detection systems to be able to detect, within each pulse, all ions or events generated by such ions. This publication derives time-dependent functions to open the EBIST's long square axial trapping potential to uniformly spread the release of the ions over the entire extraction period.
Although these functions were derived neglecting the effect of ion-ion collisions on the extraction rate, which may not be a good approximation for high ion densities, Eq. (17) 
